We obtain the generating functions for the combinatorial enumeration of colorings of all hyperplanes of hypercubes for all irreducible representations of the hyperoctahedral groups. The computational group theoretical techniques involve the construction of generalized character cycle indices of all irreducible representations for all hyperplanes of the hypercube using the Möbius function, polynomial generators for all cycle types and for all hyperplanes. This is followed by the construction of the generating functions for colorings of all (n-q)-hyperplanes of the hypercube, for example, vertices (q=5), edges (q=4), faces (q=3), cells (q=2) and tesseracts (q=4) for a 5D-hypercube. Tables are constructed for the combinatorial numbers for coloring all hyperplanes of 5D-hypercubes for 36 irreducible representations. Applications to chirality, chemistry and biology are also pointed out.
Introduction
Hypercubes [1] - [29] and related combinatorics of wreath product groups [30] - [54] have been the focus of a number of research investigations owing to their importance in numerous applications in a variety of disciplines. Hypercubes are natural representations of Boolean functions, as 2n possible Boolean functions from a set of n entities that take binary values can be represented by the vertices of a hypercube. Thus hypercubes find applications in chemistry, biology, finite automata, electrical circuits, genetics, enumeration of isomers, isomerization reactions, visualization and computer graphics, chirality, protein-protein interactions, intrinsically disordered proteins, partitioning of massively large databases, and parallel computing [1] - [11] , [19] - [29] , [41] - [55] , [56] - [59] . The automorphism groups of hypercubes which are hyperoctahedral wreath products find applications in enumerative combinatorics, isomerization reactions, chirality, nuclear spin statistics, weakly-bound non-rigid water clusters, non-rigid molecules, and in proteomics [41] - [55] , [56] - [59] . The hypercubes have also been connected to Goldbach conjecture, last Fermat's theorem, Erdös discrepancy conjecture, modern multi-dimensional representation of time measures, quantum similarity measures, [1] - [5] , biochemical imaging [6] , multi-dimensional imaging [19] , [20] , [22] - [26] , classification of large data, Quantitative Shape-Activity Relations (QShAR)etc. [7] - [10] . Combinatorial enumeration of colorings of different hyperplanes, especially vertices of hypercubes has been the topic of several studies for the past two centuries. In fact, subsequent to publication of his classic 1937 [15] paper on combinatorics of groups, graphs and chemical compounds, Pólya in a subsequent work [17] has pointed out the errors in previous enumeration of colorings of vertices hypercubes. As pointed out recently by Banks et al. [19] , [20] in the context of computer visualization, in 1877, Clifford [12] , [13] has enumerated the number of equivalence classes for 2-colorings of a 4D-hypercube vertices as 396 which was subsequently shown to be incorrect by Pólya [17] in 1940 who obtained 402 equivalence classes for 2-colorings of a 4d-hypercube. Historically Pólya's theorem was anticipated in Redfield's paper on superposition theorem [16] . Although in more recent mathematical literature, cycle indices of hypercubes and enumerations of colorings of the vertices of hypercubes have been considered [17] - [29] , [34] these studies have been restricted only to the totally symmetric irreducible representations of the hyperoctahedral groups. Moreover in the most recent work on the 5D-hypercube enumeration [29] of vertex colorings there are errors, as we show here. Pólya's theorem and its variation [1] - [6] , [17] - [21] have been applied extensively which generate equivalence classes for different distribution of colors called the pattern inventory and also the total number of colorings. However, several chemical and spectroscopic applications require more powerful and generalized enumeration techniques that span all the irreducible representations of the groups where Pólya's theorem becomes a special case for the totally symmetric representation. Furthermore in the Email address: kbalu@asu.edu (K. Balasubramanian) case of hypercubes, most of the previous combinatorics is restricted to the enumeration of vertex colorings. The vertices of hypercubes are only one of several possible hypercube's hyperplanes. The present author [39] - [40] has generalized Pólya's theorem, De Bruijn's theorem [60] and Harary-Palmer power group theorem [31] to characters of all irreducible representations of a group cast into the form of generalized character cycle indices or GCCIs. Such combinatorial and graph theoretical methods have several applications to rovibronic spectroscopy, non-rigid molecules, water clusters, nuclear spin statistics, multiple-quantum NMR spectroscopy, dynamic NMR, enumeration of isomerization reactions, chirality, ESR spectroscopy, topological indices in QSAR [36] - [58] , [61] - [63] . The n-dimensional hypercube's automorphism group is comprised of 2 n × n! operations, and thus the order of this group increases both exponentially and factorially. For example, the automorphism group of a 6D-hypercube consists of 46,680 operations spanning 65 irreducible representation. In ordinary Pólya's theory, different conjugacy classes that give rise to the same cycle types under group action on a given set are combined into a single term, as they give rise to the same monomial for patterns, and in general with the exception of full symmetric group S n , multiple conjugacy classes often contribute to the same cycle type. This poses a problem when one needs to consider all irreducible representation, as character values in general are based on conjugacy classes and not cycle types. Furthermore there is no one-to-one correspondence between cycle types and conjugacy classes for hyperoctahedral wreath product groups of hypercubes. Thus we need both cycle types of each conjugacy class and the character table of the group unlike the ordinary Pólya cycle index which only needs the cycle types that compose the cycle index of a group. The other computational challenge that arises for hypercube colorings is that the cycle types of induced permutation for different hyperplanes need to be obtained. In general there are n hyper planes for an nD-hypercube represented by q values ranging from 1 to n with of course q=0 being the trivial single vertex and hence is not considered. When q=n we obtain the vertices of the hypercube, q=n-1 we obtain the edges, q=n-2 yields faces, and in general q represents (n-q)-hyperplanes of an nD-hypercube. Each such hyperplane generates a set of cycle types for each conjugacy class. Thus computing the equivalence classes of the colorings of various hyperplanes requires the computation of the cycle types of different (n-q)-hyperplanes of the hypercube with q=1 through n. Previous works in the mathematical literature [17] - [29] have focused on the total number of equivalence classes rather than the inventory of patterns or a generating function that yields number of colorings for a given number of colors of various kinds. Such a distribution of patterns for various colors is quite important for a number of practical applications, and thus we focus in the present study the computational techniques to obtain such generating functions for all hyperplanes and all irreducible representations of the hypercube. Moreover none of the previous studies [17] - [29] has dealt with irreducible representations other than totally symmetric representation in their enumerations. The present author [11] has previously considered multinomial colorings of 4D-hypercube for different hyperplanes, and with chemical applications to water pentamer in mind, the present author has considered colorings of tesseracts [64] of the 5D-hypercube, and recently vertices (q=4) and tesseracts q=1 for all irreducible representations and 2-colorings of (q=2) 3-faces only for the totally symmetric irreducible representation of the 5D-hypercube [61] . The present work considers for the first time enumeration of colorings for all hyperplanes (q=1 through q=5) of the 5D-hypercube for all 36 irreducible representations.
Mathematical and computational techniques
In general, the automorphism group of an nD-hypercube is the wreath product S n [S 2 ] where S n is the full permutation group of n objects comprising of n! permutations. The order of the nD-hypercube wreath product group is 2 n × n! and hence it grows in astronomical proportion as a function of n. For example, the automorphism group of a 10D-hypercube consists of 2 10 × 10! permutations that give rise to 481 conjugacy classes, and 481 irreducible representations, 10 hyperplanes, thus demonstrating the combinatorial complexity of the problem of enumerating colorings of different hyperplanes of an nD-hypercube for all irreducible representations. Coxeter [65] has discussed in depth hypercubes and various other regular polytopes and their mathematical characterizations using various projections and graph theory. An nD-hypercube is comprised of (n-q)-hyperplanes where q goes from 0 to n. The largest value of q = n represents the vertices, q=n-1 represents the edges, q=n-2 represents the faces, q=n-3 represents the cells, q=n-4 represents tesseracts, and so on. The induced permutation of the automorphism group of the nD-hypercube on each of these hyperplanes is quite different and it cannot be deduced from a simple inspection with the exception of a 2D-hypercube (square) and a 3D-hypercube (a regular cube). Thus the first step is to construct the cycle types for each conjugacy class of the hypercube's wreath product group for the induced permutations of all hyperplanes of the hypercube. We note that although for ordinary Pólya enumeration one needs only the cycle index which can be constructed by other methods as cycle types of several conjugacy classes become degenerate for wreath products, the enumerations that involve all irreducible representations require the cycle types of each conjugacy class, as there is no one-to-one correspondence between the conjugacy classes and cycle types for wreath product groups. The cycle types of q=1 or (n-1)-hyperplanes are the ones that can be readily constructed as they are natural representations of the hypercube permutations. The techniques to construct the conjugacy class cycle types of q=1 or (n-1)-hyperplanes and the character table for all irreducible representations of the hypercube group involve matrix generating functions and we shall consider this first. We use the 5D-hypercube as not only an illustrative example but also to carry out all of the needed computations. For a 5D-hypercube the special case of q=1 enumerates the various tesseracts of the hypercube, and Fig.1 shows a graph that exemplifies the underlying relationship between the tesseracts of the 5D-hypercube. In Fig. 1 the vertices represent the tesseracts while the edges represent the underlying connectivity among the ten tesseracts of the 5D-hypercube. The cycle types of the permutations of q=1 tesseracts are isomorphic with the permutations of vertices of the automorphism group of the graph in Fig. 1 . In general, let a permutation g ∈ S n upon its action on the set Ω of q = 1 hyperplanes of the hypercube generate a 1 cycles of length 1, a 2 cycles of length 2, a 3 cycles of length 3, ... , a n cycles of length n, which can be represented by 1 a 1 2 a 2 3 a 3 ...n a n . Alternatively, the cycle type T g of g can be denoted as T g = (a 1 , a 2 , a 3 , ... , a n ). As the composing group in S n [S 2 ], S 2 of the wreath product has only two conjugacy classes, the conjugacy class of the wreath product S n [S 2 ] and he cycle types of action on q=1 hyperplanes can be expressed as a cycle type comprised of a 2 × n matrix, where the first row corresponds to the action of {(g; π)}permutations where π = e ∈ S 2 and g ∈ S n and the second row represents the permutations {(g; π)}, for π = (12) ∈ S 2 . The cycle type of any conjugacy class, T (g; π), where (g; π) is any representative in then a 2 × n matrix is obtained using the orbit structure of g ∈ S n and the corresponding conjugacy class of S 2 . For the particular case of S 5 [S 2 ] under consideration, the cycle type of (g; π) for a conjugacy class of S 5 [S 2 ] is given by Table 1 shows all as 2 × 3 matrices thus constructed for the 3D-cube. In Table 1 we have also shown the corresponding rotations or mirror planes of the cube, as the cycle types of the cube's faces can also be directly obtained by applying these operations on a regular cube and collecting the induced orbits of the permutations of the faces of the cube under the action of these operations. It can be seen from Table 1 that there is no one-to-one correspondence between the cycle types and conjugacy classes of the 3D-cube, as orbit structures of two different matrix types can be the same, for example, for matrices 3 and 5 in Table 1 have the same cycle types of 1 2 2 2 for the six faces of the cube (q=1). However these two matrices belong to different conjugacy classes with different character values for the various irreducible representations of the octahedral (cubic) group or S 3 [S 2 ]. Thus the matrices are important for the enumerations involving all irreducible representations while only the cycle types are needed for the ordinary Pólya enumeration of equivalence classes, as such enumeration becomes a special case of our formalism applied to the totally symmetric A 1 irreducible representation.
We can obtain the orders of the conjugacy classes and the cycle types for the q=1 or (n-1)hyper planes of the hypercube directly from their 2 × n matrices. Suppose P (m) denotes the number of partitions of integer m with P (0) = 1. Then all ordered partitions of n into pairs or compositions of n into two parts, denoted by (n 1 , n 2 ) such that ∑ n i = n, yields the number of conjugacy classes of S n [S 2 ]. That is, the total number of conjugacy classes of S n [S 2 ]is given by
where the sum is over all ordered pairs of partitions of n. Furthermore, the order any conjugacy class of S n [S 2 ] with the matrix type T (g; π) = a ik can be obtained with Eq (2.5):
For example, for the 6-D hyperoctahedral group, S 6 [S 2 ], the ordered partitions of 6 into 2 parts are given by
and hence the number of conjugacy classes of the
The number of elements in any particular conjugacy class of S n [S 2 ] can also be readily computed from the corresponding matrix cycle type. For example, application of (2.5) to the conjugacy class 6 in Table 1 gives:
The orders of conjugacy classes thus obtained for the cube are shown in Table 1 for each conjugacy class. The cycle types for the permutations induced on the q = 1 or (n − 1) − hyperplanes are also obtained readily from the 2 × n matrices by mapping place values for the non-zero entries in the matrix type. That is, assign a cycle of length k 2 a 1k for each non-zero entry column k in the first row while for the second row the contribution is 2k for nonzero entries. Thus the above matrix yields the overall cycle type 1 2 2 2 for the regular cube's 6 faces. The cycle types thus obtained for q = 1 or tesseracts of the 5D-hypercubeand for all conjugacy classes of the cubic group, S 3 [S 2 ] group are shown in Tables 2 and 1 together with the orders of each conjugacy class. The above process for finding the cycle types of conjugacy classes and their orders can be likewise applied to the 5D-hypercube and the results are shown in Table 2 . The next step is to compute the cycle types of the induced permutations for each conjugacy class for all of the remaining (n-q)-hyperplanes. For the 5d-hypercube this corresponds to q = 2 (cells), q = 3 (faces), q = 4 (edges) and q = 5 (vertices).
Although there are previous studies [17] - [29] that have discussed the techniques for obtaining the cycle indices of the hypercube including the 5D-hypercube, these previous works have been predominantly restricted to the Pólya cycle indices of the vertices of a hypercube with the exception of Lemmis [23] who has explicitly considered other cycle types for a 4D-hypercube even though Lemmis [23] does not compute or report any results for the equivalence classes even for the totally symmetric irreducible representation . The explicit expressions have also been constructed for the ordinary cycle indices of hypercubes up to six dimensions [26] , [28] , [29] . In the present study we outline techniques for constructing the generalized character cycle indices for all irreducible representations and all cycle types of the various (n-q)-hyperplanes of the hypercube. The process of computing the generating functions for the cycle types of various (n − q) − hyperplanes of the hypercube involve the Möbius function, a fundamental enumerative combinatorial technique that encompasses generalization of the fundamental combinatorial principle of inclusion and exclusion that has been applied to many disciplines [66] , [67] including music theory [35] and isomers with nearest neighbor exclusions [63] . The Möbius functions appear in a natural way, as the construction of various cycle types for the (n − q) −hyperplanes is related to the divisors of the set of all hyperplanes and it relates to the simplest cycle types of q = 1. Thus the technique involves computing the polynomial generating functions via Möbius sums. We accomplish this from the matrix types of the conjugacy classes of the S n [S 2 ] groups to generate all of the cycle types for all (n − q) −hyperplanes through polynomial generating functions. The techniques employed are similar to the ones outlined in Krishnamurthy's book [67] and the work of Lemmis [24] who has made use of the enumerative Möbius inversion technique. That is, the generating functions for all cycle types for all values of q representing (n − q) −hyperplanes are generated as coefficient of x q in the polynomial generating function Q p (x) obtained using the Möbius functions shown below:
where the sum is strictly over all divisors d of p, and µ (p/d) is the Möbius function which takes values Table  1 or Table 2 . Consider the non-zero columns of the matrix cycle types of S n [S 2 ] (see Tables 1 and 2 ) . Recall that the first row of these elements are represented by a 1k while the second rows are denoted by a 2k (k = 1, n). Then if p is the period of the matrix type shown in the first column of Table 1 or 2, and define,
h and define the polynomial F p (x) in terms of these divisors of the cycle type as
where the product is taken only over nc, non-zero columns of the 2 × n matrix cycle type shown in Tables 1 or 2 . The coefficient of x q in Q p (x) obtained from the Möbius sums of various F d polynomials where d's are strictly divisors of p generate the various cycle types for (n − q) − hyperplanes of the nD-hypercube. We shall illustrate this by one of the matrix cycle types in Table 2 . Consider the 31st matrix shown in Table 2 for S 5 [S 2 ]:
As only 2 nd and 3 rd columns contain non-zero values, hence we need to consider only these two columns. Thus the maximum period to consider is 6 and hence the possible F polynomials are F 6 , F 3 , F 2 and F 1 as divisors of 6 are 1, 2, 3, and 6. Applying the GCD followed by the use of Eq (2.9), we obtain each of these polynomials as
(2.13)
From the F d polynomials thus constructed above, we obtain the Q p polynomials using the Möbius sum, shown in Eq (2.8). Thus we obtain
(2.17)
The coefficients of x q s are tabulated below for all possible Q p polynomials which yield the cycle types for various (n − q) −perplanes as shown below: 
The results thus obtained for all cycle types of the hyperplanes of 5D-hypercube are shown in Table 2 . We believe this is the first time that these cycle types have been tabulated for all hyperplanes of the 5D-hypercube. Although previously the cycle index for the vertices of the 5D-hypercube have been reported in the literature [24] - [26] , [28] , [29] using different techniques, and our results agree with those results, Table 2 is exhaustive as it includes all hyperplanes, not just q = 5 (vertices). Moreover, as outlined below we consider all irreducible representations for coloring the (n − q) − hyperplanes, and not just the totally symmetric A 1 representation. In our previous studies [51] , [52] we have shown how the character tables of the S n [S 2 ] groups can be obtained from matrix generating functions and thus we shall not repeat the techniques in detail. Instead we shall focus on the colorings of the hyperplanes using the character . In general, the GCCI for the character χ of a group G is defined as
where the sum is over all permutation representations of g ∈ G that generate b 1 cycles of length 1, b 2 cycles of length 2, ... , b n cycles of length n upon its action on the set Ω of the (n − q) − hyperplanes of the 5D-hypercube. Upon construction of the GCCIs for each irreducible representation and each of the (n − q) −hyperplane's cycle types shown in Table 2 , one can carry out generalized Pólya substitution in the GCCIs for each representation of S 5 [S 2 ] with a multinomial expansion. Let[n] be an ordered partition, also called the composition of n into p parts such that
A multinomial generating function in λ s is obtained as
where n 1 n 2 n . . n p are multinomials given by
Define two sets, the set D which contains a set of (n − q) −hyperplanes for a given q to be colored and the set R which contains different colors. Let wi be the weight of each color r in R . The weight of a function f from D to R is defined as
The generating function for each irreducible representation of the nD-hyperoctahedral group is obtained by the substitution as
The above GFs are computed for each irreducible representation of the 5D-hyperoctahedral group. The coefficient of each term w 1 n1 w 2 n2 . . . ..w p np generates the number of functions in the set R D that transform according to the irreducible representation Γ with character χ . For the special case of the totally symmetric irreducible representation A 1 , the GF becomes the ordinary Pólya's theorem, thus enumerating the number of equivalence classes of colorings.
In the case of hyperplanes of nD-hypercubes the number of (n − q) −hyperplanes for a given value of q increase as n q 2 q and thus, for example, a 10D-hypercube would have 13,440 4-hyperplanes (q=6) and 15,360 3-hyperplanes (q=7). Consequently, as the multinomial generators explode in astronomical proportions for such large sets, it is practically not possible to consider more than 2 colors in the set R or only 2-colorings for larger hypercubes are feasible. We have developed Fortran '95 codes that compute the cycle types for all hyperplanes using the Möbius method, the character tables and then finally the generating functions for 2-colorings of various (n − q) −hyperplanes of the hypercube. All of the arithmetic were carried out in Real*16 or quadruple precision arithmetic and thus we can rely on an accuracy of up to 32 digits, which appears to suffice for 2-colorings for all possible distribution of colors up to six-dimensional cases. However, for larger cases either only first k coefficients that contain 32 or fewer digits be considered for colorings or the codes have to be enhanced with multiple arrays to store beyond 32 digits as presently most compilers handle at most quadruple precision for real numbers. The special cases of multinomials for 2 colorings were computed in a single step for 2-colorings recursively, and stored in memory for computations of each of the monomials, sorting and collection of the coefficients for the final GF without computation of any factorials to save time. Moreover the expansion of multinomials, sorting and collection of coefficients is done only for the A 1 IR and for the remaining IRs the computed terms for each cycle type of A 1 are used. For the present case of the 5D-hypercube we were able to compute all of the possible 2-colorings for all (n − q) −hyperplanes as discussed in the next section within real quadruple precision or REAL*16 precision.
Results and discussions
As seen from Table 2 , the 5D-hypercube contains 5 different hyperplanes, where q = 1 to 5, represent tesseracts, cells, 3-faces, edges and vertices, respectively. Owing to the simplicity of q = 1which yields only 10 tesseracts that can be represented by 10 vertices of a graph ( Fig. 1 ) and as these 10 vertices also represent the protons of the fully nonrigid water pentamer (H 2 O) 5 , colorings of these ten vertices have been considered previously [64] and thus we shall not repeat the results. However for other q values with the exception of q = 5 (vertices) restricted to A 1 , complete enumeration results for all IRs have not been considered previously. We note that the problem of coloring the vertices of the hypercube is equivalent to generating the equivalence classes of 2 n Boolean functions of a n− dimensional hypercube which is of considerable interest [24] - [26] , [28] , [29] . Previous exhaustive combinatorial enumerations for the 4d-hypercube for all irreducible representations have been considered by the current author recently [11] . Tables 3-6 show the unique terms for 2-colorings of (5 − q) − hyperplanes q = 2 − 5, respectively for the 5D-hypercube. In all these tables irreducible representations of the S 5 [S 2 ] group are denoted as A 1 to A 36 , respectively. We note that only A 1 to A 4 are one-dimensional, Tables 3-6 for unique partition of colors. For example, the number of colorings which transform as the given irreducible representation in a row and contain 35 red colors and 5 green colors for coloring the cells (q = 2) of the 5D-hyercube are shown in Table 3 in the fifth column. We use the notation [λ ] to denote the unique partitions for the colorings and in order to save space, owing to the symmetry of binomial numbers the results are shown only for [ n 1 , n 2 ] where n 1 GE n 2 as the other case (n 2 , n 1 ) is equivalent to (n 1 , n 2 ) . As can be seen from Table 3 , there are 1, 1, 5, 18, 84, and 362 colorings that transform as A 1 for 40 reds, 39 reds, 38 reds, 37 reds, 36 reds, and 35 reds (remaining 40-red = greens), respectively. The number of colorings that transform as A 1 irreducible representation is simply the number of equivalence classes under the action of the 5D-hyperoctahedal group on the cells for Table 3 . Thus from Table 3 , there are 36,600,432 ways to color the cells of the 5D-hypercube with 20 red colors and 20 green colors.-a result that is not known up to now. In the mathematics literature, the focus has been often on the total number of equivalence classes for the vertex colorings as opposed to the detailed enumeration for each possible distribution of colors (n 1 , n 2 ) that we show in Table 3 . The results in Tables 3-5 have not been obtained before.
As can be seen from Table 4 the number of equivalence classes for coloring faces (q = 3) of the 5D-hypercube are 1, 8, 54, 633 and 7287 for 1, 2, 3, 4, 5 green colors (remaining being red colors), respectively. The fact that the number of equivalence classes for 79 red and 1 green colors for the face colorings is one implies all the faces of the hypercube are equivalent, a result that is expected. As seen from Table 4 , the number of equivalence classes (A 1 colorings) for 40 red and 40 green colors is a result that is unknown up to now. The numbers for other 35 irreducible representations (A 2 − A 36 ) correspond to the number of functions out of 2 80 functions in the set R D that transform as the corresponding irreducible representation. Consequently, the numbers in each row multiplied by the dimensions of the corresponding irreducible representations for all 36 IRs and all color distributions, that is, doubling each number in Table 4 for [λ ] with the exception [40 40] we obtain 2 80 which is the total number of functions in the set of all maps. Likewise the sum of twice all numbers for the A 1 representation with the exception that [40 40 ] is added only once, generates the total number of equivalence classes. This result can also be directly obtained from the cycle index for the A 1 IR by replacing every x k by 2. That is, for the results in Table 3 , total equivalence classes count is given by The result thus obtained agrees with the computer code that independently computed the sum of all coefficients in the generating function, thus providing independent validation of our results. Consequently, the total number of equivalence classes for the face colorings of 5D-hypercube with 2 colors is 314,824,532,572,147,370,464. As seen from Table 5 , there are also 80 edges for the 5D-hypercube, which happens to be coincidentally same as the number of faces. We have provide all 2-coloring distributions in Table 5 and as these numbers contain less than 32-33, digits all results are computed accurately within the quadruple precision arithmetic. Once again from Table 5 , we infer there are 1, 8, 50, 608, 7092 colorings for 1, 2, 3, 4, 5 green colors (remaining reds) for the edge colorings of the 5D-cube.Although the first two numbers coincide with the face coloring distribution from the third number onwards all the results differ. In general, the number of face colorings is larger than the number of edge colorings for the same color distribution. Thus we obtain 27, 996, 670, 589, 987, 902, 014 as the number of equivalence classes for edge colorings with 40 red colors and 40 green colors while the corresponding number for face colorings is 27, 996, 675, 954, 790, 045, 648 with 40 reds and 40 greens. The total number of equivalence classes for edge colorings of the 5D-hypercube with 2 colors is 314,824,456,456,819,827,136 which can be obtained in two independent ways as demonstrated for the face colorings. Table 6 shows the vertex colorings for all irreducible representations for the 5D-hypercube. The results for the vertex colorings of the 5D-hypercube for the A 1 IR have been obtained previously by Chen and Guo [29] using a completely different method of generating the cycle index of the group. The results obtained by Chen and Guo [29] for the equivalence classes correspond to our numbers in Table 6 for the A 1 IR. Chen and Guo [29] obtain these numbers as 1, 1, 5, 29, 47, 131, 472, 1326, 3779, 9013, 19,963, 38,073, 65,664, 98,804, 133 ,576, 158,658, for greens varying from 0 to 17 (remaining red). The corresponding results that we obtain in Table 6 for the same color distribution for the vertex colorings of the 5D-hypercube are 1, 1, 5, 10, 47, 131, 472, 1326, 3779, 9013, 19,963, 38,073, 65,664, 98,804, 133,576 , 158,658, respectively. In addition we obtain the number of equivalence classes for 40 red and 40 green as 169,112 that Chen and Guo [29] did not report. Evidently the number of equivalence classes reported for 3 green colors by Chen and Guo [29] as 29 is not correct, and it disagrees with our result of 10 equivalence classes for the same color distribution. Furthermore the total number of equivalence classes that we obtain by adding doubles of all the numbers for A 1 in Table 6 except that [16 16 ] is counted once, is 1,228,158 which clearly does not agree with the results of Chen and Guo [29] although the total number directly obtained from their cycle index by replacing every x k with 2 agrees with our result of 1,228,158. Therefore we conclude that only the number reported for 3 green colors as 29 by Chen and Guo [29] must be incorrect. Moreover, our result of 1,228,158 for the total number of equivalence classes for 2 colors agrees with the number reported by Perez-Agulia [26] but differs from the result of Aichholzer [25] who has obtained it as 1,226,525. The difference was reconciled by Perez-Agulia [26] with the explanation that vertices with 0 to 4 polytopes were treated differently by Aichholzer [25] .
Chiral and alternating colorings, chemical and biological applications
As discussed in the previous section the numbers enumerated for the A 1 representation (totally symmetric) for the partition [n 1 , n 2 ] of colors enumerates the number of Pólya equivalence classes for the coloring of (n − q) − hyperplanes with n 1 colors of one kind and n 2 colors of another kind. A geometrical or physical interpretation for the numbers enumerated for other irreducible representations in Tables is that these numbers enumerate the number of functions that transform as the IR among the set of all R D functions from the set D to R. That is, for hypercube's binary colorings there are 2 n such functions where n is the number of (n − q) −hyperplanes for a given q . Thus the number of irreducible representations in Tables 3 to 6 for a given color partition [n 1 n 2 ] gives the number of possible symmetry-adapted orthogonal functions generated from the set R D of 2 n functions. In addition to this interpretation the numbers enumerated for irreducible representations other than A 1 can yield information on different aspects of colorings such as chirality, alternation and various other applications. Chirality arises in a coloring if the mirror image of the coloring is not superimposable on the original coloring. Objects are chiral when they have handedness such as shoes, hands, feet, gloves, etc. In such cases, the mirror images of the object cannot be converted into the original object by any proper rotations in the physical space. The term proper rotation refers to a rotation by an angle 2π/m for a natural number m around a specified axis of rotation denoted by a C m axis of rotation. The set of such proper rotations that leave the object in the set D invariant constitute a subgroup that we call the rotational subgroup of the nD-hyperoctahedral group and it is comprised of 2 (n−1) x n! operations for the nD-hypercube. While such rotational operations are readily identified for a regular three-dimensional square or a cube shown in Table 1 , this is less transparent for the higher dimensional hypercubes. As seen from Table 1 , for each conjugacy class we can assign a rotational operation or mirror plane or a composite improper rotation by simply applying the operation on the vertices or edges or faces of the cube and gathering the various orbits generated upon the action of the operation. An improper axis of rotation, denoted is defined as the product C n σ h , or σ h C n where the σ h operation is a mirror plane perpendicular to the C n axis. For a cube these operations are assigned to the various matrix conjugacy classes in Table 1 based on the permutation's orbits it generates upon its action on the vertices or edges or faces of the 3D cube. The proper rotations for an nD-hypercube can be obtained from the 2 × n matrix of the corresponding conjugacy class by considering the non-zero column's place values. That is, a conjugacy class with matrix [a ik ] is a proper rotation if and only if
is even, where the first sum is restricted to even ks while the second to odd ks. If the above sum is odd then the operation corresponding to the 2 × n matrix of the conjugacy class is an improper axis of rotation, where a special case of an improper axis may also be a mirror plane of symmetry or a center of inversion. This procedure can be applied to higher dimensional cubes, and thus in Table 2 we have identified each proper rotation of the 5D-hypercube by placing the label R next to the conjugacy class. If the label R is absent it means that the conjugacy class represents an improper axis of rotation. Chirality can then be determined by the definition that an object is chiral if it does not possess an improper axis of rotation. Evidently uncolored 5D-hypercube or a 3D-cube is not chiral because of the presence of improper axes of rotations. However, once the (n-q)-hyperplanes are colored some of the colorings for certain distribution of colors may become chiral. Tables 3-6 that we have constructed enumerate and identify these chiral colorings. The chiral colorings are obtained by stipulating that the functions in R D for the coloring distribution [n 1 n 2 ] must transform in accord to the irreducible representation of chirality. This irreducible representation for chirality of the nD-hypercube is rigorously identified as the uni-dimensional IR that has +1 character values for all proper rotations of the nD-hyperoctahedral group and -1 for all improper rotations. By examining the character values for the uni-dimensional representations for the 5D-hypercube we identify this IR as A 2 representation, and thus in Tables 3-5 they are identified with * in these tables. Consequently, the number of chiral colorings for a given distribution of colors [n 1 n 2 ]is enumerated by the numbers for the A 2 row in Tables  3-6 for various (n − q) − hyperplanes. As seen from Table 3 , the first few numbers or the A 2 representation are 0, 0, 0, 0, 6, 84, 657, 3750, 16, 898, 63, 366, 203, 095, 565, 964, ... suggesting that coloring 40 cells of the 5D-hypercube do not produce any chiral colorings for 40 reds & 0 greens, 39 reds & 1 green, 38 reds & 2 green, 37 reds & 3 greens, and in order to produce a chiral coloring one needs at least 4 green colors and remaining 36 red, and there are exactly 6 such colorings which are chiral. That is, among the 84 equivalence classes of cell colorings for [36 4 ] partition of colors there are exactly six chiral pairs in that mirror images of a chiral coloring is not superimposable on the original coloring. In order to illustrate this further consider a regular 3D cube. Among the total of 14 equivalence classes produced for all 2-colorings of the vertices of a 3D cube, only one coloring is chiral and all remaining colorings are achiral. The chiral coloring is shown in Figure 2 . The numbers of chiral colorings for face-colorings of the 5D-hypercube are given by the numbers of the A 2 IR in Table 4 , and it can be seen as 14, 326, 5722, 74973, 811,527, 7,477,975 and 60,113,621 for 3, 4, 5, 6, 7, 8, and 9 greens (remaining reds), respectively. The corresponding results for the edge 2-colorings are 12, 330, 5782, 75,369, 815,762, 60,219,494 and 428,191,237 for 3, 4, 5, 6, 7, 8, and 9 greens (remaining reds), respectively. Finally as can be seen from Table 6 , 2-colorings of the vertices of the 5D-hypercube produce 2, 26, 148, 653, 2218, 6300, 14,972, 30,730, and 54,528 chiral colorings for 4, 5, 6, 7, 8, 9, 10, 11, and 12 green colors (remaining red), respectively. Thus in order to produce a chiral coloring of 2-coloring of the vertices of a 5D-hypercube one needs at least 4 colors of one kind and 28 colors of another kind, and there are 2 such chiral colorings for [28 4 ] color distribution. The alternating irreducible representation is defined as the one that exhibits +1 character values for even permutations of q=1 (n-1)hyperplanes and -1 for the odd permutations. The set of all even permutations form the alternating subgroup of the hypercube group. The alternating representation plays an important role in the quantum chemical classification of the rovibronic total wave functions of fermions as such wave functions for fermions must transform as the alternating IR in order to comply with the Pauli Principle. For the 5D-hypercube the uni-dimensional alternating IR is the A 3 representation in Table 3 -6. Thus the 2-colorings enumerated for the A 3 representation provides important information on the nuclear spin functions of rovibronic levels and nuclear spin statistical weights of fermionic particles of molecules, for example, water pentamer. We thus point out that these combinatorial enumerations aid in the analysis of experimental spectroscopic studies of weakly-bound van der waals clusters and molecular clusters of polar molecules such as ammoniated ammonia, (H 2 O) n , (NH 3 ) n [50] , [64] , [62] etc., as such clusters exhibit potential energy surfaces with multiple valleys separated by surmountable mountains, and consequently, these molecular clusters undergo rapid tunneling motions. Hence these tunneling motions that occur rapidly at higher room temperatures result in the splittings of the rovibronic levels to tunneling levels. Consequently, the interpretation of the rovibronic spectra of these molecular clusters requires hypercube colorings and detailed analysis for all IRs. Finally we would like to point out applications to biology in the context of genetic regulatory network and phylogeny. The phylogenic trees are recursive in nature and they are special cases of Cayley trees and thus the automorphism groups and colorings of phylogenic trees require nested nD-hypergroups and wreath products. Likewise, in genetics it has been shown that canalization or control of one genetic trait by another trait of genetic regulatory networks is important in evolutionary processes, and such networks are represented by nD-hypercubes where the vertices of the nD-hypercube represent the 2 n possible Boolean functions for n traits. Reichhardt and Bassler [34] have shown the connection between 2-colorings of an nD-hypercube and genetic regulatory pathways, and the necessity to classify the 2-colorings of the vertices into equivalence classes in order to generate a smaller clustering subsets on the basis of equivalence classes thus enumerated for the 2-colorings of the vertices of the nD-hypercube. Thus the properties of any representative function in a class would have the same genetic expression as any other function in the equivalence class thereby reducing the amount of computations. The question of if chirality in colorings would have any implication in the probability of producing chiral traits and thus biological evolutionary implication of chirality has not been visited thus far.
Conclusion
Combinatorial enumeration of 2-colorings for all irreducible representations and all hyperplanes for were considered for a 5D-hypercube. The techniques involved Möbius inversion combined with generalized character cycle indices for all 36 irreducible representations of the 5D-hypercube. We also discussed applications chirality, alternation of colorings in the equivalence class. Applications to genetics and molecular spectroscopy were pointed out. As nD-hypercube colorings explode combinatorially in astronomical proportions, it remains to be seen how well the techniques will computationally scale and work for higher dimensional hypercubes. 
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